A distance constraint satisfaction problem is a constraint satisfaction problem (CSP) whose constraint language consists of relations that are first-order definable over (Z; succ), i.e., over the integers with the successor function. Our main result says that every distance CSP is in P or NP-complete, unless it can be formulated as a finite domain CSP in which case the computational complexity is not known in general.
Introduction
"Die ganzen Zahlen hat der liebe Gott gemacht, alles andere ist Menschenwerk." 1 Leopold Kronecker A constraint satisfaction problem is a computational problem where the input consists of a finite set of variables and a finite set of constraints, and where the question is whether there exists a mapping from the variables to some fixed domain such that all the constraints are satisfied. When the domain is finite, and arbitrary constraints are permitted in the input, the CSP is NP-complete. However, when only constraints for a restricted set of relations are allowed in the input, it might be possible to solve the CSP in polynomial time. and NP-complete. In order to obtain a systematic understanding of polynomialtime solvable restrictions and variations of this problem, Jonsson and Lööw [13] proposed to study the class of CSPs where the constraint language Γ is definable in Presburger arithmetic; that is, it consists of relations that have a first-order definition over (Z; ≤, +). Equivalently, each relation R(x 1 , . . . , x n ) in Γ can be defined by a disjunction of conjunctions of the atomic formulas of the form p ≤ 0 where p is a linear polynomial with integer coefficients and variables from {x 1 , . . . , x n }. The constraint satisfaction problem for Γ , denoted by CSP(Γ ), is the problem of deciding whether a given conjunction of formulas of the form R(y 1 , . . . , y n ), for some n-ary R from Γ , is satisfiable in Γ . By appropriately choosing such a constraint language Γ , a great variety of problems over the integers can be formulated as CSP(Γ ). Several constraint languages Γ over the integers are known where the CSP can be solved in polynomial time. However, a complete complexity classification for the CSPs of Jonsson-Lööw languages appears to be a very ambitious goal.
In this paper, we study one of the most basic classes of constraint languages that falls into the framework of Jonsson and Lööw, namely the class of distance constraint satisfaction problems [1] . A distance constraint satisfaction problem is a CSP for a constraint language over the integers whose relations have a firstorder definition over (Z; succ) where succ is the successor function. The structure (Z; succ) has quantifier-elimination, and it is easy to see that a relation is firstorder definable over (Z; succ) if and only if it can be defined by a disjunction of conjunctions of literals of the form x = succ c (y) or x = succ c (y) for c ∈ N.
It has been shown previously that distance CSPs for constraint languages whose relations have bounded Gaifman degree are either NP-complete, or in P, or can also be formulated with a constraint language over a finite domain [1] . The finite Gaifman degree assumption is quite strong; however, here we prove that the same is true even if we drop this assumption. In other words, we show that if the Feder-Vardi dichotomy conjecture for finite domain CSPs is true, then also the class of all distance CSPs exhibits a complexity dichotomy.
Our proof relies on the so-called universal-algebraic approach; this is the first time that this approach has been used for constraint languages that are not finite or countably infinite ω-categorical. The central insight of the universal-algebraic approach to constraint satisfaction is that the computational complexity of a CSP is captured by the set of polymorphisms of the constraint language. One of the ideas of the present paper is that in order to use polymorphisms when the constraint language is not ω-categorical, we have to pass to the countably saturated model of the integers with successor. The relevance of saturated models for the universal-algebraic approach has already been pointed out in joint work of the authors with Martin Hils [2], but this is the first time that this perspective has been used to perform complexity classification for a large class of concrete computational problems.
The formal definitions of CSPs and distance CSPs can be found in Section 2. The border between distance CSPs in P and NP-complete distance CSPs can be most elegantly stated using the terminology of the mentioned universal-algebraic
